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The intense focusing of quasi-transverse (QT) modes along the symmetry axis of zi‘nc is
observed by various methods at ultrasonic frequencies. The focusing is associated with a
conical point on the QT sheet of the ray surface, and thereby the phenomenon of exter"nal
conical refraction. The observations have been made first, with pointlike longitudinal
(L) and shear (S) piezoelectric transducers acting as acoustic source and detector; sec- ‘
ond, with a breaking capillary source with Heaviside time-dependence and a capa‘cltlve
displacement detector at epicenter; and third, using a laser source and piezoelectric de-
tector. The amplitudes of the signals observed by the piezoelectric sources and dc.atect.ors
in both time and frequency domains show intense focusing in the symmetry.dll‘ﬂ:tlon
[0001], side-lobed by diffraction fringes caused by the interferences between collinear rays
associated with different wave vectors k. A broadband capacitive displacement slg.nal
shows a very sharp deep minimum associated with the arrival of the conical rays, being
consistent with the calculation of the dynamic Green's function and the theory of phonon
focusing for the medium.

1. Introduction

The focusing of thermal phonons in elastically anisotropic crystals at liquid He te.m—
perature has been extensively investigat.ed.l‘3 Ultrasound, the wavelength of Whlc‘h
is several orders of magnitude greater than that of thermal phonons, propagates in
a medium with much less scattering and attenuation even at room temperatures
and recently several authors reported focusing of ultrasonic waves propagating b9th
in metals and insulators at room temperatures.*'! As Maris predicted,® focusing
patterns of harmonic or quasiharmonic signals at finite wavelengths are modulated
by interference fringes, which were observed with source and detector at 15 MHz
by Weaver, et al.5®and at 392 MHz by Wesner, et al® For the broadband signals
observed, for example, with a capillary fracture source and a capacitive displace-
ment detector,'? interference fringes are less obvious, and it is observed that dis-
continuities and other forms of singularity in displacement at the arrival of various
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wave fronts including those of quasi-longitudinal (QL) and quasi-transverse (QT)
modes are dominated by high frequency components. In the direction of focusing
of a particular mode the associated singularity becomes very pronounced. Besides
the interference phenomenon, there are other important differences between the
observations of thermal phonons and ultrasound. While the detectors for thermal
phonons such as bolometers and superconducting tunnel junctions are polarization
insensitive, ultrasonic transducers are by and large polarization selective in their
mode of excitation and detection. In ballistic phonon imaging what is probed is
the energy flux of a heat pulse, a scalar quantity, whereas in ultrasonic experiments
the probed variables, such as displacement, velocity, and acceleration are vector
quantities that depend on the direction.

There is an abundance of experimental observations of the focusing of phonons
and elastic waves in cubic media and also to a lesser extent in trigonal and tetrag-
onal media. However, no experimental observations of focusing in hexagonal media
had been investigated until quite recently, when we published a brief report of
the intense focusing of QT modes in the symmetry direction [0001] of a hexagonal
zinc crystal” oriented on the transversely isotropic basal plane. The focusing was
opserved at ultrasonic frequencies with three different methods: longitudinal (L)
piezoelectric PZT source and L detector, focused laser beam source and PZT L
df:tector, and capillary fracture source and capacitive displacement detector. Zinc
filsplays an extraordinary singular and degenerate type of focusing. This focusing
18 concentrated in the vicinity of an isolated singular point caustic called the coni-
cal point located in the high symmetry direction and it is closely related with the
phenomenon of erternal conical refraction. The condition on the elastic constants
for the existence of this conical point is!314

(Ci3 + Cyq)?
[C13 (Ca3 — Caa))

"I?le present paper is an expanded version of that brief report, augmented by
additional observations made with the combination of PZT L source with shear
(S) detector and PZT S source with S detector. Because of the anisotropic spread
?f wave normals associated with the different directivities of sources and detectors,
mterffzrence effects at finite wavelengths, and transversely isotropic symmetry about
the direction [0001], the observed focusing with the various configurations of PZT
sources and detectors shows remarkably different patterns.

Sl (1)

2. Theory

2.1. ?’ola.rization field, slowness and ray surfaces, and phonon focusing
in zinc

In elastically anisotropic media the phase and group velocities and polarization
vectors of elastic waves depend on the propagation direction. Moreover, phase
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and group velocities are not collinear. These issues are treated extensively in the
literatures.’®!5 The group or ray velocity V, is obtained from the relation'?

8-VeS ' ¢)

where w is the angular frequency, k the wave vector, n = k/|k| the wave normal,
Vp the phase velocity, s the slowness defined as n/V,, and S the equation of the
slowness surface. S can be written in the form

S = det IC.'J'HSJ' s — p5,‘]¢| = U (3)

where Cjjx; and p are the elastic stiffness tensor and density of a medium, respec-
tively. Equation (2) indicates that the outward normal to the slowness éurface at
any point is the direction of the group or energy velocity of the corresponding mode.

The elastic tensor of a hexagonal or transversely isotropic medium including
zinc is characterized by five elastic constants which on the basis of the Voigt con-
tracted notation are: Cy;, Cas, Ca4, C12 and Ci3, while Cgs = (Cn - CIZ)/2
Kim and Sachse!? on the basis of measured group velocity data in two jipat:
pal directions have obtained the following values for the elastic constants of zinc:
Cyi = 163.75 GPa, Cs3 = 62.93 GPa, Cyy = 38.68 GPa, Cyp = 36.28 GPa, and
Cy3 = 52.48 GPa. The density of zinc used for the calculation of the elastic c?n-
stants was 7.134 kg/m®. These values of elastic constants of zinc satisfy the relation
(1) for the existence for a cusp about the symmetry direction [0001].

Figure 1(a) shows the (010) section of the slowness surface of zinc, which consists
of three sheets corresponding to the QL, pure transverse (PT), and QT modes. For
simplification we compress the crystallographic notation (0001] used .for a héxagonf;l
crystal to [001] which is the appropriate notation for transversely isotropic media
including some unidirectional fiber reinforced composite materialf. For transversely
isotropic zinc, all sections belonging to the [001] zone are identical and the (010)
section is typical of them. The three-dimensional shapes of slownes§ anfi group
velocity surfaces can be easily visualized by rotating the curves'shown in Fnigs. ‘l(a)
and (b) about the [001] symmetry axis. For a k along an arbitrary direction in a
zonal section, one of the QT modes, say, the QT1 mode, becomes a PT mode that
is shear horizontally (SH) polarized parallel to the basal plane (001) and.normal to
the zonal plane. Both the QL and QT2 modes are polarized in the sagittal plane
identical to the zonal section. Hence, we simply denote QT1 and QT2 as P'T and
QT, respectively. The polarization directions of both QL and QT mode.as of ?mc fxre
graphically described in Musgrave’s book.!? For example the polarization direction
of either QL or QT mode with the wave normal direction OQoo in Fig. 1(a), wher‘e
the normal to the QT slowness surface points in the symmetry direction [001], is
approximately 45° inclined from the [001]-symmetry axis in the (010) zonal plane.
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Zinc: (OI0) Section of Slowness Surface
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Fig. 1. (a) (010) section of the slowness surface in zinc. (b). (010) section of the group and phase
velocity surfaces in zinc.



Focusing of Quasi-Transverse Modes in Zinc at Ultrasonic Frequencies 2331

The group velocity (or ray) surface of zinc, obtained using Eq. (2), is drawn
by the solid line in Fig. 1(b) together with the phase velocity surface which is
depicted by the broken line for comparison. For zinc the QT wave propagates
at a phase velocity less than that of the PT wave. For this reason the QT wave
may be referred to as the slow transverse (ST) mode and the PT mode may be
dubbed the fast transverse (FT) mode. However, for the group velocity surface
in the cuspidal region, this distinction becomes somewhat blurred, as one can see
that the QT sheet penetrates through the PT sheet. The cuspidal feature shown in
Fig. 1(b) arises due to the particular shape of the QT mode slowness sheet shown
in Fig. 1(a). Around the [001] axis it is concave with both the principal curvatures
being negative. At point Q. the principal curvature in the zonal section changes sign
and the surface is saddle shaped from there to the point Qoo where the principal
curvature transverse to the zonal plane changes sign. Beyond this point the QT
slowness surface is convex. There is a circular band centered on the point Q, where
the slowness surface is again concave, leading to a tiny cuspidal feature around
the point P,. This cusp is not very well resolved in Fig. 1(b) because of its sméll
size. None of the observations in this work is related to this region and we w_111
not discuss it further. In Fig. 1(b) the points P and Ps on the symmetry axis,
P. on the cuspidal edge, and the point P, on the basal plane correspond to the
points Qa, Qoo, Qc, and @, in Fig. 1(a). For simplicity of nomenclature, let us call
the ray branches of the QT mode between P, and P, P, and P, and Peo and Po
by the acronyms, FQT (fast QT) mode, IQT (intermediate QT) mode, and SQT
(slow QT) mode, respectively. Note for reference that the directions of the'cuspldal
edge P. on the ray surface and Q. and Qoo ON the slowness surface :.1re oriented at
21.54°, 9.304°, and 24.52°, respectively, from the [001] symmetry axis.

Because of rotational symmetry about the [001] direction, the ray S“rfafe i
P, is conical in shape. The energy flux or group velocity aSSOC"_ited with the
point Qoo is parallel to the [001] symmetry direction as already mentioned. All %he
QT modes with their k vectors lying on the circular cone generated b)t rotatllng
0OQoo about the [001] axis have the same ray vector located at the.com.cal point
P., and have their acoustic energy directed along the symmetry dntectlon (001].
This focusing of acoustic energy along the [001] symmetry dizgction; s referred to
as the erternal conical refraction'® for the reason that when this .Sm&le .QT ray,
OP,,, impinges on the boundary between the hexagonal and an adj.acent 1sotrop.1c
medium, the emerging family of rays in the isotropic medium on being refracted in
accordance with Snell’s law lies on the surface of a circular cone. \ : :

Because of the nonspherical shape of the slowness surface in amsc.)t.roplc media,
the ray vectors are more strongly clustered in some directions than in others, and
this results in pronounced nonuniformity in the distribution of energy flux. The
focusing of the QL and PT modes in zinc is not as significant as for the QT mode§,
because their sheets of the slowness surface are everywhere convex'®16 and there is
therefore no folding of the corresponding sheets of the wave surface (see Fig. 1(b)).
In what follows we confine our attention to the QT modes which exhibit strong
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focusing. A parameter that provides a good measure of focusing is the Maris phonon
enhancement factor A defined as!”

A =6Q,/60, (4)

where 69, is the infinitesimal solid angle subtended by a small cluster of slowness
vectors and 62, is the infinitesimal solid angle subtended by their associated ray
vectors. The enhancement factor A can be shown to be related to the Gaussian
curvature K = L;L,, where L, and L, are the two principal curvatures of the
slowness surface; that is,

1
¥ CTATR (5)

It follows from Eq. (5) that the lines of zero curvature on the slowness surface map
onto caustics, where the energy flux is infinite.

Figure 2 shows the computed normalized focusing intensity 1(0)/I(1°) of QT
waves at the top surface out to 15° from the [001] symmetry direction. It has
been generated, assuming a uniform distribution of wave vectors k in all directions
radiated from a point source at the origin on the bottom surface and using a Monte
Carlo technique. The intense central peak (whose intensity is theoretically infinite)
corresponds to the conical direction Py, in Fig. 1(b) and also to the circle of zero

Calculated QT Focusing Intensity in Zinc
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Fig. 2. Calculated QT mode focusing intensity 1(6) normalized with respect to I(1°) in zinc.
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Gaussian curvature on the slowness surface passing through the point Qoo , on which
A is infinite. Figure 2 shows how rapidly the QT acoustic intensity diminishes with
increasing angular deviation from the symmetry axis.

Although individual caustics are well resolved in thermal phonon imaging,' in
our experiment they are diffraction broadened because of the much larger char-
acteristic wavelength. In simple terms the diffraction can be considered to arise
from the interference of collinear harmonic or quasiharmonic rays associated with
different k’s. An additional consideration is that the modes of excitation used in
our experiments are either axisymmetric or shear horizontal, resulting in a gen-
erally nonuniform but smoothly varying distribution of wave normals in different
directions. The striking consequences of these various source directivities are that
some modes of vibration are more strongly excited in certain directions, while other
vibrational modes are totally suppressed in all directions. The broadband ultra-
sonic signal generated by capillary fracture, the time function of which resembles a
Heaviside step with a finite rise time,'® exhibits a very intense and sharp pulse at
the wave arrival in the direction of the caustics, a rounded version of the predicte.d
singularity.’® To delve further into this aspect we consider next the elastodynamic
Green’s function of zinc and its spatial and frequency dependence.

2.2. Elastodynamic Green’s functions

Although the disk-shaped zinc specimen used in our experiment is finite in size, some
salient features associated with an unbounded medium including ray arrivals and
focusing are applicable to the specimen. In this section we recall some of the proPer-
ties of the integral expressions for the frequency and time domain Green’s functions
of infinite anisotropic elastic continua, which we have recently report,ed.“"19 Let Gsp
represent the s’th component of the displacement at point x and time ¢ in response
to a point force in the p’th direction with time dependence F(t), appllefi . th'e
origin. Gy, and F(t) are related by the Cauchy-Navier equation for an BIusOLIOpIc
medium:

2 2 <
(pénaiti oy Crlam —8.’17_1832—) G,,,(x, t) = 6,-’, 6(x) F(t) . (6)

In the special case of F(t) being the impulse function 8(t), Gap(X, t) are the dynamic
Green’s functions Gyp(x, t). The array of C.?.p(x, t) forms a tensor of second'rank.

The formal solution to Eq. (6) in terms of integral transforms has 'been COI.ISldered
by many authors?®~2% and there have been several books and reviews written on
the subject.26-2° Of relevance to the experiments that will be described here are the

frequency domain Green’s functions

Gaplx, W)= / Gipl(x, 1) € dt (1)
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and time domain response é,,,(x, t) to a concentrated force acting at the origin
with Heaviside step function time dependence

F(t>=e<t>={°’ e ®)
1 eeti>0
The latter is given in terms of the Green’s function by
Gan(x, ) = [ Gupx, w)f (@)™ (9)
where
1) = 3= [FO et a (10)

is the Fourier transform of the forcing function. We have shown in Refs. 11 and 19
that these are given by

w (n). 1 L
G, = e (n)34(n) j1ws(™).x (n)2 4 (n)
p(x, w) En {87r2p /n dQs'" AT e + St Jo dps™* Ay’ o (11)

2 =1
ok =§ —— [ dQs(PBAM) g4 — g(n) .
G,p(x, t) 3 {87r2p/n Qs s O(t—s8 x)

e(t) 27
8n2pz J,

dp s(")? Ag;;)} . (12)

The index n appearing in these equations refers to the three different modes of
particle vibration, i.e., longitudinal (L), fast transverse (FT), and slow transverse
(ST?; 8(") is the slowness defined as I/Vp("), where Vp(") is the phase velocity; AS;) =
vy , where U(™) is the polarization eigenvector associated with the eigenvalue
pV,,(") k2 of the Christoffel tensor I',; = Criymkik,,; and d) is the element of solid
angle for the slowness s(™).

Equation (11) can be solved analytically for isotropic solids, leading to the re-
sults of Aki and Richards.® In the case of anisotropic solids, except for certain
special cases where analytic results are known,?6:3! the angular integrals have to
be performed numerically. At high frequencies the stationary phase approximation
can be invoked, yielding a contribution to Gyp(x, w) of the form

A e:w X
VIR e

for each point on the slowness surface where the outward normal points in the
observation direction. The intensity or energy flux associated with each contribution
is proportional to |G|?, and is thus inversely proportional to |K|, the magnitude of

G~
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the Gaussian curvature of the slowness surface. This is precisely what is predicted
on the basis of the ray approximation as shown in Eq. (5).

The stationary values of s - x in Eq. (12) give rise to singularities in tempo-
ral variation of G,p(x, t). These singularities propagate outwards from the source
at group velocity V, in any direction and are known as wave arrivals. There are
many different singular forms these wave forms can take that include discontinu-
ity, logarithmic divergence, kink (or discontinuity in slope), and inverse power-law
divergence, depending on the curvature of the slowness and other factors.

Of particular interest to us is the singularity behavior of the Green’s functions
at and near the conical point Py, where the intense focusing of the QT mode in zinc
occurs. The single ray O Py, corresponds to a circular cone OQq of the slowness
surface, as described in Sec. 2.1. and thus constitutes a highly degenerate caustic.
On the circular band between the Q. and Qo around the [001] symmetry axis the
slowness surface is saddle-shaped or hyperbolic. Beyond Qe and still near it the
slowness surface of zinc is convex or elliptical. The condition for the existence of
the conical point on the symmetry axis is given by the relation (1). The way the
conical caustic evolves into a pattern of fold and cusp caustics when the symmetry
lowered, has been described by Every.3? The form of singularity at this conical point
in the wave surface is discussed in the book of Payton?® and is given by

& oy s { AP ol & 60 (14)

Ttk 1z ; T>0'
where T is measured from the arrival time of the singularity. Henceforth, the in-
dices 1, 2, and 3 will denote the [100], [010], and [001] girections_, respectively. From
symmetry grounds, it is only the components Gii = G2~2 and G_33 that are nonzero
and display this singularity, and for the same reason Giz = Ga3 vanishes to zero
for x in the symmetry direction. Near to but not on the symmetry axis, where the
symmetry is broken but there is still strong concentration of the wave normals of
the QT mode (refer to Fig. 2), Gis = (3 is expected to rise steeply. A little further
away from the [001] direction, where the distribution density of QT-mode wave nor-
mals is drastically reduced (see Fig. 2), Gh3 is then expected to fall precipitously.
The 1/ \/m singularity and other singularities to be discussed later are expected
to be preserved in both half-space and finite specimens. Figure 3 shows the res'u]ts
of Payton’s calculation?® of the normalized displacement along the symmetry dxr'ec-
tion in a half-space zinc specimen, expressed in units of pF3/(4mhCy4) at a buried
epicentral point due to a Heaviside step force acting on the surface in the s_a'me
direction. Here p, F3, and h represent the density, the magnitude of the Heaviside
force, and the distance from the source to the detector, respectively. Note that the
1/ \/IT—I singularity at the arrival of the conical ray is marked with the symbol —co
in the figure. This singularity in displacement amplitude is certainly caused by the
intense focusing of the conical rays.
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(0001) Zinc Single Crystal
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Fig. 3. Comparison between theoretical and observed epicentral displacements in a (0001) oriented
zinc crystal.

The conical point in its immediate neighborhood resolves into the IQT and
SQT branches in the ray surface. At the IQT wave arrival, which corresponds to
the point in the saddle shaped region between Q., and Q. of the slowness surface,
the displacement responses exhibit a logarithmic divergence. Similarly, at the SQT
wave arrival very near the conical point, which corresponds to the convex region of
the slowness surface just beyond Q.,, there is a discontinuity in the Green’s function.
The arrival of the FQT ray that corresponds to the concave region between @, and
Q. of the slowness surface, causes a hardly noticeable kink in the Green’s function
Gs3. The PT modes, being SH polarized, are not generated by the axisymmetric
sources acting in the direction 3 parallel to the [001].

The consequence of these observations is that the peak amplitude in the observed
Green’s functions Gg3, the square of which we use as a measure of intensity in a
focusing profile, is found at the arrival of the conical ray in the symmetry direction,
\Yhile a little further away from this direction the peak amplitude of both G33 and
G13 = Gag is observed at the arrival of the IQT ray. In the neighborhood of the
symmetry direction all the FQT, IQT, and SQT rays, which are associated with
different k’s on the slowness surface, arrive at the detector within a very short time
interval of one another and at an ultrasonic frequency for finite wavelength, they
interfere, causing diffraction fringes. For G33 and G153 = Ghs, it is the interference
of the IQT and SQT rays that dominate the diffraction fringes. Figures. 4(a) and
(b) show the intensities of |G33|? and |G13)? at 2MHz as a function of a source-to-
detector angle # measured from the symmetry direction.
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Computed Green's Function
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Fig. 4. Modulus of the frequency-domain Green’s function as a function of the source-to-detector
orientation: (a) |Gaa|? at 2MHz, (b) |G13|? at 2MHz, and (c) |G11/? in the (010) plane at 3 MHz.
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Fig. 4. (Continued)

The behavior of the response function G;, exhibits a more complicated pattern
beca?use it breaks axisymmetry about the [001] direction. In the (100) plane the G,
motion is of SH character and the largest amplitude is found at the arrival of the
'PT wave which almost completely dominates the Gy in the far field. Conversely,
in the (010) plane the dominant wave arrival is that of the IQT wave which is SV
in character. In between, G, depends on the combined effects of both modes.
Since 'the foEusing of the PT modes is insignificant, our study is confined to the
behavior of G11 in the (010) plane. The temporal behavior of G11 in the (100) and
(010)‘ planes of zinc and singularities associated with the wave arrivals have been
described by Every and Kim.'® For similar reasons as applied to the G motions,
one expects that the focusing behavior of G in the (010) plane is confined in
the narrow angular range about the symmetry direction. Every and Kim!? showed
that .away' from the [001] axis, (}'11 exhibits a discontinuity at the FQT arrival, a
!oganthmlc divergence at the IQT arrival and a discontinuity at the SQT arrival. It
is e"pe_Cted as in the case of G5 that the largest amplitude in G;; can be found at
the arn.val of the conical and IQT rays in the symmetry and surrounding directions,
respectively. Diffraction fringes at ultrasonic frequencies are in this case caused by
the interference between all three QT modes: the FQT, IQT and SQT modes. The
behavior of |G11|> at 3 MHz in the (010) plane is displayed as a function of the
source-to-detector orientation ¢ measured from the symmetry axis in Fig. 4(c).
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In our experiment the L and shear (S) piezoelectric PZT sources act in the
symmetry and horizontal directions, respectively, and they are scanned in position
on the top surface of the specimen. The L and S PZT detectors, which sense dis-
placements in the [001] and horizontal directions, respectively, are fixed at origin
on the bottom surface of the specimen. The source acting on the top surface with
the time function F(t) appearing in Eq. (6) is modeled as a monopolar force and it
is transmitted to the specimen through a coupling medium from the piezoelectric
source transducer. The output voltage V(x, t) of the PZT detector corresponds
to the surface displacement of the sample at the sensor location. The output of
a L detector with a L source corresponds to the displacement Ggs(x, t) while the
output of a S~ detector with a L source corresponds to the horizontal displacement
Gai1(x, t) = Gy3(x, t). The output voltage V(x, t) of the S detector with a S source,
with both S PZT transducers being polarized parallel to the [100] direction, corre-
sponds to the horizontal displacement Gn(x, t). These various Green’s functions
are described in Eq. (9). The transfer function T(x, t) between the surface dis-
placement and V/(x, t) is a scalar function, which is assumed to be independent
of the position x. This is the case when the coupling between the sample and
the scanning source is uniform over the various positions under a uniform pressure
applied to the source transducer. This assumption is met reasonably well in our
experiments which will be described in the next section. The sensor output voltage
V(x, t) is then related to the surface displacement through a convolution integral

V(x,t) = Gp(x, t)  T(t) . (15)

Here * denotes a convolution in the time domain. Taking the temporal Fourier
transform of Eq. (15) with the help of Eq. (9) yields

v(x, w) = f(w) 7(w) Gap(x, w) , with sp= 33, 130r 11 (16)

where v(x, w) and 7(w) are the Fourier transforms of V(x,t) and T(t), respec-
tively. Equation (16) indicates that the spatial variation of the Fourier spectrum of
the detector output at a particular frequency follows that of the Green’s funct;on,
G,p(x, w) with sp = 33, 13 or 11 at that frequency. Both |Gas|? and |Gis|® at
2MHz, and |G1,|? at 3 MHz, as a function of the orientation angle § = ta“_l(z(h)’
where z denotes the distance of the detector from the epicentral symmetry direction,
are shown in Figs. 4(a), (b), and (c), respectively.

3. Experimental Method

The zinc specimen used in our experiment is disk-shaped, 75 mm in diameter a.nd
25.8 mm thick, and oriented in the [001] symmetry direction. It is prepared w}th
both top and bottom planes polished and parallel to each other. The orientation
in the [001] direction was achieved within 0.5° using an x ray diffraction pattern.
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A finer adjustment of orientation within 0.25° was achieved by utilizing the symme-
try property of the sound-wave propagation in the region around the [001] direction
in zinc.

Figure 5 shows the geometric configuration of glass capillary fracture source and
capacitive displacement transducer having a sensing element 1 mm in diameter. The
capacitive transducer senses the displacement component normal to the surface and
is fixed at the origin on the bottom surface. A tiny capillary less than 0.1 mm in
diameter is laid on the 0.08 mm thick polyvinylidene fluoride (PVDF) film placed
on top surface of the sample and broken at various positions. The elastic waves are
generated by a sudden fracture of the capillary when it is pressed vertically down
with a razor blade. This represents an axisymmetric source of vertical force drop
whose time function resembles a Heaviside step with risetime less than 0.1 pus and
excites only QL and QT modes propagating in the planes belonging to the [001]
zone. The magnitude of force drop at the time of the capillary fracture is measured
via a miniature load cell attached to the razor blade and ranges typically from 5 N
to 10N. The group velocity data associated with the QL, FQT, IQT, and SQT
ray branches in Fig. 1(b) have been obtained from the wave forms detected by the
capacitive transducer. The miniature capacitive transducer used in this experiment
has been described by Kim et ¢33 Signals detected by the capacitive transducer are
amplified by a charge amplifier whose bandwidth extends from 10kHz to 10 MHz
and the voltage-to-charge sensitivity of which is 0.25 V /pC. The output of the charge
amplifier is connected to a digitizer where it is sampled at a 60 MHz rate with 10
bit resolution and the digitized signal is displayed on a z-y oscilloscope for visual
observation. The output of the PVDF film generated at the instant of capillary
fracture, serves as a trigger to the digitizer and also indicates the time of source

Geometry of Sample, Source and Detector

Capillary
Fracture Source

(0001) Zinc
Crystal

o f
[o01]

Fig. 5. Geometric schematic of capillary fracture source and capacitive displacement transducer.
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excitation that provides a reference time for measurements of travel times of various
rays propagating from the source to the detector. All these signals are stored on the
hard disk of a microcomputer for subsequent data analysis and signal processing.

Shown in Fig. 6 is a schematic of the specimen showing the acoustic sources
which were scanned across the epicentral position on the top surface and the piezo-
electric PZT detectors that were fixed at origin on the bottom surface. The acoustic
sources included not only axisymmetric sources, such as the pulsed excitation of a
L PZT transducer and the irradiation of a pulsed, focused laser beam, but also the
nonaxisymmetric excitation of a S PZT transducer. Four combinations of source
and detector correspond to Fig. 6: (i) a L PZT source and a L PZT detector, (ii)
a L PZT source and a S PZT detector, (iii) a S PZT source and a S PZT de-
tector, both of which are polarized in the same direction, and (iv) a laser source
and a L PZT detector. The S PZT source in (iii) was scanned in the direction
of its polarization. The size of all the PZT sources and detectors were 0.75 mm
in diameter except for the L PZT detector that was used with the laser source,
which was 1.3mm in diameter. Laser pulses, 4ns in duration, were obtained from
a Q-switched (Nd:YAG) laser that was focused into a spot size less than 0.5 mm in
diameter. The piezoelectric sources were excited by a high voltage pulse derived
from Panametrics, Model 5055PR.. The elastic pulses generated by the piezoelectric
and laser sources propagated through the specimen and were detected by the PZT
transducers whose outputs were amplified by 60 db using a low-noise preamplifier
whose —3db bandwidth nominally extended from 20kHZ to 2MHz. The actual
high frequency cutoff of this amplifier was well beyond 10 MHz. As in the case of
the capillary fracture source and capacitive transducer, the amplified signals were
digitized and processed similarly in a microcomputer.

Geometry of Sample, Source and Detector

Piezoelectric or
(00O0I) Zinc Laser Source
Crystal

[100]

,/7{‘_\ Piezoelectric [100]
! Detector
|
i

[o10]

Fig. 6. Geometric schematic of PZT and laser sources and PZT detectors.
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4. Results and Discussion

An epicentral displacement signal obtained with the system of capillary fracture and
capacitive transducer is plotted in Fig. 3, which also shows for comparison Payton’s
theoretical displacement curve for a half-spaced zinc specimen. The arrivals of L,
FQT, and SQT rays are indicated in the figure. Note the close similarity between
the two waveforms in Fig. 3. The discrepancies between the two waveforms after
16 ps results from the presence of reflected signals from the side walls of the finite-
sized specimen in the observed signal. Payton’s calculation predicts a discontinuity
at the L wave arrival, a change in slope or a kink at the FQT arrival and a negative
square root singularity at the SQT arrival. The singularity is the result of the
strong focusing of QT modes at the conical point in zinc and agrees well with the
implication of the infinite phonon focusing factor shown in Fig. 2. The measured
epicentral waveform in Fig. 3 clearly exhibits a deep negative minimum at the time
of the SQT arrival. The fact that it is finite is due to the finite aperture of the source
and detector and the finite bandwidth of the source-generation and wave-detection
systems. It is noted that the observed behavior associated with the finite minimum
is well accounted for when the theoretical Green’s function is convolved with a
linear ramp-step function with risetime of 0.1 us, which closely approximates the
time function of the capillary fracture source. Away from the symmetry direction,
the negative square root singularity is weakened to a logarithmic divergence, which
follows the IQT branch (see in Fig. 7, for example, the signal detected at 5 mm

Zinc: Off—epicentral Displacement
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Fig. 7 'Oﬂ'-epicentr al displacement signals near the symmetry direction, which are detected by a
capacitive transducer.
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for which 6 = 10.97°). The 10 mm detector position (# = 21.19°) in Fig. 7 roughly
corresponds to the cuspidal edge which is at § = 21.54°. The signals shown in
Fig. 7 exhibit a second minimum which is initally small but for larger source-receiver
separations grows in magnitude. It is associated with the arrival of the head wave
which slightly precedes the arrival of the SQT ray. The evolution of the waveform
with increasing @ and changes that occur as the cuspidal edge is crossed, have
previously been described by Kim and Sachse® and Weaver, et al.3® Note in Fig. 7
the absence of the PT mode as is expected with the axisymmetric capillary fracture
source.

The signals generated by the L PZT source and detected by the L PZT trans-
ducer are displayed in Fig. 8. The square of the peak amplitude immediately fol-
lowing the arrival of the QT mode is used as a measure of intensity. The angular
variation of the corresponding QT mode intensity normalized against that in the
symmetry direction is shown in Fig. 9. The QT mode focusing patterns obtained
similarly with the L PZT source and the S PZT detector, the S PZT source and the
S PZT detector, and laser source and the L PZT detector are shown in Figs. 10, 11,
and 12, respectively. Figures 9-12 indicate that strong focusing is confined within
an angle of about 1° of the symmetry direction. This is remarkable, considering
the various factors that contribute to the widening of the focal region, including
the finite aperture of the source and detector and the finite bandwidth of the wave
generation and detection system.
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Zinc: QT Mode Focusing
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Fig. 9. Observed QT mode focusing pattern with a L PZT source and a L PZT detector.
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Fig. 10. Observed QT mode focusing pattern obtained with a L PZT source and a S PZT detector.
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Zinc; QT Mode Focusing
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Fig. 11. Observed QT mode focusing pattern obtained with a S PZT source and a S PZT detector,
both of which were polarized in the same direction in the sagittal plane.
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Fig. 12. Observed QT mode focusing pattern obtained using a laser source and a L PZT detector.
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The thin disk PZT detectors used in our experiments are observed to be prin-
cipally sensitive to the time derivative of the surface displacement signal or the
velocity signal, the magnitude of which is maximum at the arrivals of singularities
associated with various rays, such as the conical ray in the symmetry direction and
IQT ray near the symmetry direction. Therefore, in and very near the epicentral
direction, the maximum amplitude in the signal detected by the PZT transducers
1s expected to be found at the conical and IQT ray arrivals, respectively. However,
this may no longer holds true, as the detector or the source moves further away
from the epicentral symmetry direction, thereby causing the interference between
the FQT, IQT and the SQT rays arriving at the detector.

The excitation by the L PZT and laser sources generates an axisymmetric distri-
bution of wave normals or wave vectors k, which is independent of the longitudinal
angle measured from the [100] axis. The excitation by the L PZT source on the sur-
face of the specimen can be modeled as a monopolar source acting in the symmetry
direction. It has already been pointed out in Sec. 2.1 that the epicentral QT conical
ray is associated with the wave vectors k lying on the circular cone OQ« of the QT
slowness surface and that the distribution of their polarization vectors inclined at
approximately 45° to the symmetry direction is axisymmetric about the [001] axis.
The displacement vectors for these conical wave vectors k with their energy flux
pointing in the symmetry direction superpose constructively along the symmetry
direction, while in the horizontal direction they cancel completely, resulting in a net
displacement along the [001] symmetry direction. The constructive superposition
of the displacements of these conical k wave vectors along the symmetry direction
is evidenced in the intense focusing in that direction shown in Figs. 9, 11 and 12.
Away from the symmetry direction the intensity falls off very rapidly. There is a
small secondary maximum at about 3° from the axial direction. This is the result
of diffraction which is later discussed in more detail with regard to the individual
Fourier components of the signal.

: For the configuration of the L PZT source and the S PZT detector the horizontal
displacement signal is an antisymmetric function of 0, and the intensity is therefore
theor?tically zero along the axial direction (6 = 0°). By and large this is confirmed
ex?erlmenta]]y in Figs. 10 and 13. However, the measurements are made with a
finite aperture source and detector and because there may be a slight misalignment
betheen them, the expected zero in intensity is replaced by a deep minimum. The
antisymmetric distribution of horizontal displacements is manifest in Fig. 13 which
shows a reversal in the sign of the amplitude but a preservation of its magnitude for
measurements taken across § = (), Sharp intensity peaks are shown on both sides of
the symmetry direction in Fig. 10, indicating that there is still the strong concen-
tration of ray vectors in the vicinity of the symmetry axis as discussed in Sec. 2.2.
Recall that there is no focusing in an isotropic solid. The strong concentration of
the near-conical wave normals in zinec may be further supported by the absence
of the corresponding sharp intensity profiles in a similarly obtained curve using
an isotropic specimen such as a glass plate. The intensity curve of the isotropic
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Zinc; QT Mode Focusing
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Fig. 13. Observed QT mode peak amplitude pattern obtained with a L PZT source and a S PZT
detector.

specimen shows a very low intensity profile in the near-epicentral direction in an
overall smoothly varying pattern observed in a wide range of source-to-detector
orientation angles 6. The radiation patterns observed in an isotropic solid with
various configurations of point-source and point-detector will be reported elsewhere.

The excitation by the S PZT source on the sample surface is mo.deled as 'a
monopolar force acting in a horizontal direction, generating a non-axisymmetric
distribution of wave vectors k. Applying the reciprocity theorem of the Green’s
functions leads to the converse argument, that is, the axial displacements for the
conical wave vectors k interfere destructively, resulting in the net displacement being
zero along the symmetry direction, while the displacements along the horizontal
direction in the zonal plane superpose constructively, thus exhibiting high intensity
along the symmetry direction. This is apparent in Fig. 11.

Figures 9, 10 and 11 and to a lesser extent the laser-generated result shown
in Fig. 12 exhibit a certain degree of interference behavior characterized by the
secondary maxima and minima. To investigate these phenomena further, we take
the Fourier transforms of the time-domain signals used to generate Figs. 9-11.
Typical examples of these Fourier magnitude spectra are shown in Fig. 14. To
obtain these, a time window has been used on the waveforms to analyze only the
QT mode signals that arrive directly from the source. The Fourier spectra of all the
observed signals corresponding to Figs. 9 and 10 with the L PZT sources, possess
a broad peak centered at 2 MHz and those of the S PZT source and the S PZT
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Observed FFT Magnitude Spectra
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Fig. 14. Fourier magnitude spectra of the typical signals used to generate Figs. 9-11.

detector corresponding to Fig. 11 have a broad peak that is centered at 3 MHz. We
also note that those of the L source and the S detector have a second broad peak
appearing around 3 MHz. These results are consistent with Eq. (16), provided that
the frequency profile of G,,(x, w) is a slowly varying function of x in the ultrasonic
frequency range at all the detector positions. The frequency spectrum of Gop (X, w)
at a particular position x is entirely due to the impulse source acting at the origin.

From the Fourier magnitude spectrum for each observed signal, the squared
modulus of the peak amplitude at 2 or 3MHz is plotted as a function of the source-
to-detector orientation angle 6. Figures 15(a), (b) and (c), which correspond re-
spectively to the signals shown in Figs. 9, 10 and 11, show the behavior of this
intensity. A comparison of Figs. 15(a), (b) and (c) with the corresponding com-
puted graph in Fig. 4 show that the observed Fourier spectra of the signals detected
at various positions are in good agreement with the theoretically calculated curves
with regard to the widths and positions of the central second and third maxima
and minima. The absence of higher-order fringes in the observed Fourier spectra is
expected, since the frequency spectra of the observed signals are fairly broadband
centered around 2 or 3 MHz and low intensity, higher-order side fringes disappear
as a result of the interference of broadband frequency components. As explained
in Sec. 2.2, the fringes of Figs. 15(a) and (b) principally arise as a consequence
of the interference between the IQT and the SQT modes arriving at the detector
while the fringes shown in Fig. 15(c) are the result of an interference between all
the transverse branches arriving at the detector.
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Zinc; FFT Spectrum of QT Mode Focusing
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Fig. 15. Variations of the observed Fourier intensities as a function of source/receiver orientation
0: (a) with a L PZT source and a L PZT detector at 2 MHz; (b) with a L PZT source and a
S PZT detector at 2 MHz; (c) with a S PZT source and a S PZT detector at 3 MHz.
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Zinc; FFT Spectrum of QT Mode Focusing
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Fig. 15. (Continued)

The sound source associated with the impact of a relatively weak pulsed laser
beam interacting with the specimen in the thermoelastic regime can be modeleq
as a pair of force dipoles aligned transversely in the horizontal radial direction.36
However, when the intensity of the laser beam is high enough to cause ablation
of the specimen surface, the source is modeled as a monopolar force acting in the
Symmetry direction with weak radial dipole component.®® In our experiments, the
laser source falls in the latter category with its focusing pattern shown in Fig. 12
resembling that shown in Fig. 9, which was obtained with a L PZT source and a
I PZT de_tector. The analysis of the Green’s functions associated with the laser
source acting on zinc lies beyond the scope of this investigation.

I.t is emphasized that the intensity patterns obtained with the various config-
urath‘l’lS of source and detector include the combined effect not only of focusing
and diffraction but also of the more smoothly varying anisotropic distribution of
wave normals resulting from the directivities of the source and detector. All of
these effects are included in the calculation of the Green’s function. Because of
the rather complicated mapping between k and V, spaces, however, the effects of
surface directivity is not easily separated from the other effects. For an axisym-
metric excitation there is very little radiation of QT-mode k’s along the symmetry

direction. The most striking consequence of this is seen in Fig. 3 by the barely
perceptible feature at the arrival of the FQT signal.
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5. Conclusions

We have demonstrated in this paper the strong focusing of QT ultrasonic waves
along the [0001] symmetry direction in a hexagonal crystal of zinc. The focusing
has been observed at room temperature. The focusing patterns of the QT modes
obtained with various methods are in good agreement with the theory of phonon
focusing that is modified to incorporate the effects of finite wave length at ultrasonic
frequencies. The calculated epicentral Green’s function Gs3(x, t) shows a negative
square root singularity at the arrival of the focusing SQT rays. This is consistent
with the theory of phonon focusing and in excellent agreement with the observed
waveform that was obtained with a capillary fracture sound source and a capacitive
detector, which shows a very deep minimum at the SQT ray arrival. The diffrac-
tion fringes that are observed with the piezoelectric sources are attributable to the
interference between collinear QT rays near the conical point.
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