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Abstract

The author of this article introduced two important physical variables, Kjj; in Eq. 10 of Ref. 1

and D, which defines the ultrasonic equation of motion as
_ 1 _ 1
Dijia = 5 (Bijiu + Buji) = 016yt 5 (Cixjo + Cuj) » Where

02U .
Biji(X) = (a<xk/i§>a(xl/xk>)5:x = 8;0j + Cijry(X), in Eq. (19-22) of Ref. 2,

29
Px ;= Dijkl % in Eq. 70 of Ref. 1.

This article shows that D; j, is equivalent to Kj jy; .
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I. Introduction

At first, we introduce three deformation states characterized as indices a, X, and i, where
index a represents an undeformed stress-free state, index X characterizes a static finite
deformation state from the undeformed state a, and index i represents a small deformation state
superposed on the finite deformation state X by a travelling ultrasonic wave. Two variables
a;; and B;; are defined as



_ Ox; _0X;
a;j = l/an Bij = l/axj' 1)

Introduce now displacement gradient u;; defined as

_ o0u;
Then,
1 1
€ij = 5 (W +w) = S (a; + a; —26;), 3
We also define in the initial state X the effective elastic stiffness K, and the effective elastic

compliance Q; , of the second order, which indicate the measure of material strength in the
initial state, as [see Ref. 1]

dojj 1
Kiju = (;k]l)x = Cijia(X) = 03j(X) 8k + 5 (8k0u(X) +610,(X)+610;1(X)), 4)
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In the above Egs. 4 and 5, K;jj; or [Kas] can be conveniently obtained by measuring the Cauchy
stresses gi (i = 1,2 6), measurements of which in uniaxial loading case are described in detail
[see Ref. 3], and the second-order elastic stiffness constants Cjj (i, j = 1,2, 6), which can be
accurately obtained by ultrasonic wave-speeds measurements [see Ref. 2].

It is noted that full symmetry relations as found in C;j; are lost in K, and Q;j;. K;jx; obey the
relations K;jx; = Kyyij = Kijue along with

Kijii — Kiiij = 6ijor — 61405 (6)

1
Kijleklmn: E(6im6jn + 6in6jm): KaBQﬁy = 6ay- (7)

Here isothermal compressibility x7(X) is introduced as

1[0V

xT(X) (Compressibility) = -5 (5)T = - (g—;)T, (8)

where p and J denote the hydrostatic pressure and the Jacobian, respectively.



9]

X = —(5), = Quwe®)

In a stressed state Ref. 2 defines in Eq. (19.22) the isentropic elastic stiffness coefficients
Bij(X) as

px 0°U

Bijkl (X) = (6(xk/Xl)6(x1/Xk)

)six = 0ik0ji + Cijrui(X), )

where U is the internal energy of deformation of a material. Note that

Bijkl = le O + Cijkl; Bklij = Bijkl; Bijkl 2 Bjikl; Bijlk 2 Bijkl : (10)

At X let Dy = % (Bijki + Buji) = 06yt % (Cirji + Curjie) - (11)
Then,

Dijii(X) — Dyyij(X) = Kijpy(X) — Kiy;;(X) = 64041 — 64103, (12)

which is known as Huang’s conditions.

Ultrasonic equation of motion at X is expressed as

=D Y 13
Px U; L]klanaXl ( )

1. Relation between Kijkl and Dijkl

Dijx = 6o + (1/2) (Cigji + Cirji) (14)
Digji = 6ixoj + (1/2) (Cijra + Cirji) (15)
Dijx = 6u0jx + (1/2) (Cijra + Cixj1) (16)

Eq. 15 minus Eq. 14 plus Eq. 16 results in
Dixji —Dijii + Dujk = 6ix0j1 — 8;01t6310jk + Cijia (17)
Therefore, Cjjx; = Diji —Dijki + Dyji + 6ij01 — ik 016,05 (18)
Kijki = Ciji — 6o + (1/2)(8ik0 + 804 + 64105y + 613 0j;)

1
=3 (Dirji *+ Dijk* Djkit + Djiire ) —Dyuij (19)

I11. Equivalence of Djj; to K;ji



Now we consider four cases of ijkl indices of D.
Case 1. Three indices of i,j,k,&I are equal, i.e., i=j=k or i=j=I or i=k=I.
Then, Kijx; = Djj
Case 2. Two indices are equal. i.e., i=j or k=I, but i+ k
Then, K;jx; = 2Dixji — Dyj
Case 3. Two indices are equal, i.e., (i=k & j=I) or (i=l & j=K), but (i# j & k # 1)
Then, Kjxi = (Dixji + Djiix) 12
Case 4. ((i=j&k#=)&i=k&j=lor(i=k&j=1D)or(i=1&j#Kk)or(i#1&j=k)
Then, K;jx; = (Dyjk + Djkir) 12

In all cases either K;jx; = D;jk; OF K;jx; is a linear combination of two D’s coefficients.

IVV. Conclusion

This work demonstrates the equivalence of D, j; to K;j;, which indicates the measure of
material strength in the initial state X.
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