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Wave propagation in a wavy fiber—epoxy composite material:
Theory and experiment

Kwang Yul Kim,® Wei Zou, and Wolfgang Sachse
Department of Theoretical and Applied Mechanics, Thurston Hall, Cornell University, Ithaca,
New York 14853-1503

(Received 21 July 1997; accepted for publication 5 February )1998

In this paper analytic formulas are developed for the ray path and travel time of a ray propagating
in a wavy fiber—epoxy composite material and calculate them for rays initiating at various points
with wave normals of differing directions. The arrival times observed by using various
combinations of pointlike sources and pointlike detectors are found in good agreement with those
predicted by the theory of geometrical acoustics.1@98 Acoustical Society of America.
[S0001-496608)04805-X

PACS numbers: 43.20.0ANN]

INTRODUCTION wavy pattern in thexy plane with their mean direction point-
Fiber-waviness is introduced in composite materials during along thex axis. We specify the waviness of the fiber-
ing manufacturing processes because of uneven curing af@inforced epoxy composite by the following sine wave
shrinkage of resin, and it has detrimental effects on mechanfunction
cal properties, such as stiffness reduction and degradation of yi=A¢ sin(2mx/Ly), 1)
compressive strengt? Layer waviness also occurs in thick
crossply or multidirectional laminates due to the laminationwhere y; is the fiber height in they direction, A; is the
residual stresses built up during curing process. Therefore, &mplitude of fiber-waviness, arid; is the periodical length
is important to detect and characterize fiber-waviness duringf waviness. A local fiber-direction is specified by the angle
and after fabrication of a fiber-reinforced composite, and3; the x axis makes with the fiber. Here, t8nis given by
nond_estructlve ultra_\somc evaluation of the wavy composite dy;, 27A; 27X
remains a challenging problem. tandy = — =—— cos—. 2
There have been the investigations on the unidirectional dx Lt Lt
wavy composite by means of ultrasonic waves. Wooh and  The imbedded wavy fibers notwithstanding, the fabri-
Danief used a ray tracing method in an attempt to undergated wavy composite specimens are observed to have the
stand the waveforms detected by the piezoelectric transdugmiform densityp throughout the specimens, and we assume
ers of finite size attached on one side of the flat surfaces. Th@at the density of the wavy composite is constant. The wavy
waveforms were launched by the piezoelectric transducers Qfomposite is also uniform along tlzeaxis normal to thexy
finite size on the same or opposite side of the flat surfacegjane on which the waviness of the fibers is confined. The
Using the finite difference method, Mcintyet al* theoreti-  composite is also uniform along thyedirection. As a result,
cally investigated the harmonic wave propagation with wavéoth anisotropy and heterogeneity of the wavy composite is a
normal directed in the mean fiber-direction, and found thefynction of one variablex only. Therefore, the wave nor-
variation of amplitude in tune with the energy conservationmga|s, which are initially directed in they plane, are con-
principle implied by the transport equation. fined on thexy plane and refraction of the wave normals is
In this paper we apply the results of geometrical acousgoverned by Snell’s law during the propagation of rays in the
tics to investigate ray paths and travel times along the varixy plane. A composite material which has the fibers running
ous ray paths of ultrasonic waves propagating in a wavistraight in thex direction ideally has transversely isotropic
graphite fiber—epoxy composite. Even though experimentadymmetry about the axis. However, because of a less-than-
verification of the theoretical ray paths is difficult to achievejgea) faprication procedure, it is better characterized as pos-
because of the opaque composite specimen, it will be demsessing weak orthorhombic symmetry with proximity to
onstrated that the observed travel times of the quasilongituransverse isotropy. Let the y, andz directions be repre-
dinal (QL) and shear horizontall{SH) polarized pure trans- gented by indices 1, 2, and 3, respectively. Then, the com-
verse(PT) modes propagating along the different ray pathsposite specimen with straight fibers aligned in sheirection
are found in good agreement with those predicted by th¢s characterized by nine elastic constani;, Coy,
theory of geometrical acoustics. Cas, Cio, Ci3, Cas, Cus, Cass, andCeg.
| THEORY Consider a small element of the wavy composite at a
o ) ) _typical local point &,yq,2). The small local element is con-
A schematic diagram of a wavy composite specimen iS;iqered to have orthorhombic symmetry whasandy sym-
drawn in Fig. 1, where the reinforcing fibers are running in 3metry axes are rotated about the third symmetry aisby
the angleB; from thex axis. Let's specify a wave normal
dElectronic mail: kykim@msc.cornell.edu of the wave propagating in they plane by an angl® mea-
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FIG. 1. Schematics of a wavy fiber composite specimen.

sured from thex axis. Then, the anglee which the wave
normaln makes from the local fiber direction is

virtually every direction inside the specimen. We choose an
arbitrary ray whose wave normal at the source is directed at
an angled, from thex direction. The fiber directio; at the
source is obtained from E€R). Then, we calculate the initial
velocity v corresponding to the wave norm@y via Eqg. (7)
to determine the Snell's law constamtfrom Eq. (4). For a
givenx, the fiber anglg3; can be calculated via E¢2) and
from Eg.(9), one obtains the solutions f&; sing, and co$.
Then the values oy andv’ are obtained from Eq€7) and
(8). Thus, one can calculate the values ofésioos, andv
andv’ at many different values of to determine the arrival
time 7 and ray path through Eqé5) and(6). One can repeat
this procedure for rays with various initial wave normal di-
rections.

For the special case of the initial wave normapoint-
ing in thex direction,h=sind/»=0, i.e., #=0 all along the
ray path, and the arrival time and ray path integrals are sim-
plified to

0= o — o—tarr 27 A 27X 3
T=p T ,
We invoke Snell's law and the formulas for the arrival xo [(Cas— Cs9) sin’ B¢+ Css]
time 7 and ray path of a wave initiating from the point .
(X0,Y0,Zo) and arriving at the pointq; ,y;,2,). Referring to Y—Yo= J'X(CSS._ Caa)SiNB; COB;
the results established in the geometrical acoustics of inho- 0" Jx,CausSin? B¢+ Css COS By
mogeneous anisotropic medifthey can be written as >
sing,  singd = Cos Caa L
h=— °0_ — -~ =constant, (4) Cas A7°Arp
0
_, PIsin(2ax/L¢) —sin(2mXq/L¢) ]
X1 dx Xtanh *——— . ,
T:f > ©) pZ—sin(2mxo/L;) Sin(2mx/L;)
xo VCOH—v' sind
(11)
- fxl vsind+ v’ cosd q 6 where
Yi=Yo x, VCOSH—v'sing % ©
: : LZC
wherev(x, ) is the phase velocity and = v/ 36. =/ 1t (12)
For the waves propagating in thx plane, the eikonal 4m°ATCyy

and phage V(?IOC'ty. equations are factored into thrge mOdeI'—_Squation(ll) indicates that the ray with initial wave normal
whose vibration directions are mutually perpendicular ton directed along thex-axis follows a path with the same
each other: shear horizontallgH) polarized pure transverse eriodic lenath that the wavy fiber has

(PT) mode vibrating in thez direction, quasilongitudinal P 9 y '

(QL) mode and quasitransver&@T) mode. The QL and QT

modes are both polarized in thxg plane. The SH polarized

PT mode is uncoupled from the QL and QT modes. We firsB. Quasilongitudinal and quasitransverse modes

deal with the PT mode. For simplicity of notation we introduce the following

identities
A. Pure transverse mode
C11-=C11= Ceg,

Copr=CppFt Cgg,  C12:=CppF Cogp.

The phase velocity of the PT mode is given By (13
pv?=Cyy Sir?(6— B¢) + Css COS(0— By), (7)  The phase velocities of the QL and QT modes are given by

which we differentiate with respect t to obtain 2p 1*=Cyy, coa+Cyy, SirPa= JD. (14)
pvv' =(Cyy— Css) sin(6— Br)coq 60— By). (8)

wherea is defined in Eq(3), the upper and lower signs ih
in front of \/D correspond to the QL and QT modes, respec-
tively, and

Using Snell's law Eq(4), Eq. (7) is expressed as
p Sif@=h?[Cy, SirP(0— Bs) + Cy cOZ(6— By)]
=h?[(Cys— Css) SINP(6— Bs)+ Cssl, 9

where h=sinf/v is the constant in Snell's law. Consider a
case in which rays are initiating from a broadband source iDifferentiating Eq.(14) with respect tod, one obtains

D=(Cy;_ cofa—Cyy_ sirfa)?+4C3,, sirfa cofa.
(15
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v’ 1 _ 1 Cij (i#]) can be obtained from the wave speed measure-

> Wl (Ca2+ =Cyyy)sin 2ai\/—5 ments of the QL mode propagating in an oblique direction in

the symmetry plane. For this purpose two opposite faces of

X[(Cyp_sin?a—C;;_coa)(Cqy-+Cphy) three additional specimens cut from the large unidirectional
composite are polished with one in 45° to tkeaxis and
><sin2a+C§2+sin4a]1’2]. (16 hormal to thexy plane, another in 45° 1o the axi_s and
normal to theyz plane, and the other in 45° to teaxis and

Substitution of Snell's law Eq4) into Eq. (14) yields normal to thezx plane. From the measurement of the QL

phase velocity propagating in 45° direction to thewxis in
2p sir? 6=h?[Cy1,c0S(6— Br)+CypySirP(6— B)=\D].  the xy plane, one uses Eq14) by setting ;=0 and 6
(17) =45° to obtain the mixed index elastic const&hy,. One

Determination of the arrival time and ray path of a wave withproceeds similarly for determination @f;5 and C,3, using

initial wave normalé, at the source can be carried out in athe other two obliquely cut specimens. The nine elastic con-

similar way to that described in the case of the PT mode. Irstants of the orthorhombic unidirectional composite can also
the special case d¢f=sing=0, the evaluation of the integrals be determined from the group velocity measurements and
for the arrival time and ray path is also simplified as in thethis is described in detail elsewhét®.

PT mode. One of the fabricated wavy composites has two opposite
sides machined flat, which are normal to the wavy fiber plane
and parallel to thex axis. It has next been polished with

Il. EXPERIMENTAL METHOD thickness 15.93 mm between the flat surfaces. Then another

. ) ) . . sample is prepared with two flat opposite faces normal to the

Two kinds of specimens are fabricated using graphites oiq yith thickness 30 mm between them. A schematic of
ﬁber prepregs: one 'is a unidirectiona!, straight graphi'tea typical sample is shown in Fig. 1. First, a 28n thick,
fiber—epoxy composite and the other is a wavy graphiteyie;qelectric polyvinylidene fluoridé?VDF) film is laid on

flber—epoxy specimen with sine wave period 40 mm an he top surface of the flat wavy composite and a glass capil-

wavy amplitude 2 mm. B.Oth specimens haye the same derféry of size 0.10 mm inside diameter and 0.17 mm outside

sity 1524 kg/mi. The straight fiber direction in the unidirec- diameter is mounted on the PVDF film. Pointlike sources of

tional cc_)tmposittekand thfhgleant_fiberTr?irection f.ig thel WaWihe QL and QT modes are generated by breaking the glass
composite are taken as irection. The wavy fiber plane capillary with a razor blade at variouspositions on the top

IS d?not%d ats tpl;y.platmtih ite. the t ‘ surface. The generated elastic waves propagate in virtually
N order fo Tabricate the wavy composite, the top sur aceevery direction inside the specimen and are detected at vari-
of an aluminum plate, which is 20 cm wide, 60 cm long, and

R ; ; ) . ousx positions on the bottom surface by a pointlike piezo-
12.7 mm thick, is f!rst machined in the Qeswed SIN€ WaV&|ectric detector of 0.75 mm diameter. The output of the
pattern(2 mm amplitude and 40 mm peripdn a numeri-

. : . PVDF film indicates a time of source generation and serves
cally controlled machine. Then, the machined aluminum . . )
. - . . . . . as a trigger for the output of the piezoelectric detector. From
plate is split into two identical pieces, which are next aligned . . . .
) . he arrival-time difference between the two signals, the travel
against each other with a gap, where many layers o

: : . ime of the QL mode is determined. Identification of the QL
graphite—fiber epoxy prepregs are sandwiched and cured. L : . T
e . I ray arrival in a detected signal is easy, because the arrival is
The unidirectional composite, which is weakly ortho-

rhombic, is prepared to determine its nine elastic constantfs?und at the point from which the signal first jumps from

from measurements of the travel times of ultrasonic waveg o level. The QT mode in the detected signal is very dif-

propagating through the specimen. A cube of the uniolireC?!cult to identify and we did not attempt to measure its arrival

tional composite which has been cut perpendicular to the
three symmetry axes is mechanically polished. The PT
waves are launched from one side of the specimen and th
are detected on the opposite side, while the(plre longi-

For measurements of the arrival times of the PT mode
ropagating on they wavy fiber plane, a line-type piezo-
lectric shear transducer, whose active area is 0.75 mm wide

tudina) waves are generated and detected by the same tran%':]d 5 mm long, is mounted on the bottom face of the speci-

ducer. Denoting the propagation and polarization directiond"e" at dlffe:rent.x positions W.'th .|ts pplarlgatlon aligned
of the phase velocity of an ultrasonic wave by subscript along thez direction. The polarization direction of the shear

indicesi andj, respectively, the pure index elastic constantstr"’mSducer Is along the 5 mm lengthwise direction. It gener-

or the diagonal elements @;; matrix are expressed as ates .not only QL modes but also shear h(.)I’IZOFIt&BYI).
polarized pure transvers®T) mode propagating along vir-

Cii Ces Css tually every direction on they plane. The propagated PT
P[Uizj]: Ces Coo Cusl. (18) m_odes are detected by a smal_l piezoelectr_ic s_hear transducer
with active area of 0.75 mm diameter, which is attached on
Css Cas Cas the variousx positions of the top surface with its polarization
Thus, all six pure index elastic constants can be determinedligned along the direction. Identification of the PT mode
via Eq.(18) from the phase velocity measurements along thearrival in the detected signals that travel through composite
three symmetry directions. Given the values of the purematerials is not so easy, because its arrival trails that of the
index elastic constants, the mixed index elastic constan®L mode. How to identify the arrival time of the SH polar-
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FIG. 2. Ray paths of the QL mode with sourceda@tx=—10 mm, (b) x FIG. 3. Ray paths of the PT mode with sourcegaatx=—210 mm, (b) x
=0 mm, and(c) x=10 mm. =0 mm, and(c) x=10 mm.

ized PT mode in the detected signal is described in Ref. 9.metrical acoustics approximation would hold well in describ-
It is noted that both the capillary fracture source anding the propagation of wave fronts.

piezoelectric detector used for the QL mode have a fre-

guency bandwidth extending well above 10 MHz, while both

piezoelectric source and detector usgd fc_)r the PT mode ha\fﬁ_ RESULTS

a broadband frequency spectrum which is centered around 5

MHz. These correspond to a wavelength of the QL mode less  The obtained nine elastic constants of the unidirectional

than 1 mm and that of the PT mode less than 0.2 mm. Thesesomposite in units of GPa ar€;;=130.3+1.5,C,, =11.00

wavelengths are much less than the wavy period of the com=0.28, C33;=12.46+0.44, C,4,=2.95+-0.08, Cs5=5.47

posite, 40 mm and one expects that a high-frequency geat 0.22, Cgs=4.96+0.08,C1,=6.01+0.36C,3=1.04+0.09,
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the arrival of the QT rays are almost impossible to identify in
the detected signals.
Comparison of theory with experiment on the ray arrival
times of the QL mode is displayed in Fig@, (b), and(c)
with sources ak= —10, 0, and 10 mm, respectively. Theo-
retical values of arrival times in a straight unidirectional fiber
composite of the same thickness with similar source-to-
detector configurations are also drawn with(plus) symbols
to elucidate the effect of fiber-waviness. It is seen that pre-
dicted values generally agree well with experimentally ob-
served values. This signifies that the geometrical acoustics
developed for a heterogeneous anisotropic medium provides
a good approximation to the travel times of ultrasonic rays
ST T T T e Ty and it can be applied to the study of wave propagation in the
(© Detector Position (mm) wavy composite. It also indicates that geometrical acoustics,
which is a high-frequency approximation, remains quite
FIG. 4. Comparison of predicted arrival times of the QL ray with measured, ,5lid in the ultrasonic frequency range for description of
values.(a) Source ak=—10 mm,(b) source ak=0 mm, and(c) source at .. . .
x=10 mm. wave front behavior in a wavy composite material. The de-
viations of predicted values from measured travel times at
some detector positions are likely to be a result of rays pass-
and C,3=6.27+0.37. We recall that the density and thick- ing through a local region where fiber arrangement deviates
ness of the wavy composite specimen are 1524 kgimd  from the regular wavy pattern before the rays arrive at the
15.93 mm, respectively. detector. As expected, the QL ray arrival times with sources
Using these data, the ray paths of the QL mode withat x=—10 and 10 mm exhibit symmetry about their source
sources ak=-—10, 0, and 10 mm on the bottom face are positions. It is, however, interesting to see that the symmetry
plotted in Fig. Za), (b), and(c), respectively. Those of the patterns are quite different in two cases.
PT mode with sources at the sam@ositions are displayed Predicted arrival times of the PT mode are compared
in Fig. 3(a), (b), and(c), respectively. Although the capillary with measured values in Fig. 5. Theoretical arrival times in a
fracture QL sources are located on the top surface of theorresponding straight fiber composite without waviness are
wavy composite, the ray paths are drawn as if they weralso drawn with+ (plus) symbols for comparison. The mea-
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dinate of the QL ray ak=30 mm is—1.89 mm. We have
prepared a specimen with two parallel sides terminating at
x=0 mm andx=30 mm. The measured arrival time of the
QL mode at the pointX=30 mm,y=—1.89 mn) with a
source at origin is 3.3%s, which agrees remarkably well
with the predicted value 3.32s.

IV. CONCLUSIONS

We have established closed-form analytic solutions for
the ray path and travel time of the QL, QT, and PT rays
propagating in a wavy fiber composite. Predicted values of

travel time of QL and PT modes are in good agreement with
o — '1'0‘ — ‘2'0' e ‘4'0' — experimentally observed values. Geometrical acoustics de-
(@) x coordinate (mm) veloped for a heterogeneous anisotropic material can be use-
ful for investigation of a wavy composite material. We have
I L also shown that a high-frequency geometrical acoustics ap-
6=0° proximation holds well in the ultrasonic frequency range in
describing the propagation of wave fronts in a wavy fiber
composite. The method used in this paper may well be
adapted to investigating wave propagation in various inho-
mogeneous anisotropic structures, such as devices with gra-
dient of material propertiese.g., diffused concentratipn
depth-dependent media, and structures of inhomogeneous
stress field, etc.
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